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Why hyperbolic marifolds ?
Dot A Riemanman marifold (M

.
h) is hyperbolic

if g
has constant sectional curvature - 1

=> h is locally isonecture to thehypecspe

unique Cup to isometry) rJ

complete
, simply connected

, hyperbolic manfold
Chas many models

Also say
that "M is hyperbolic" .

In dim = 2
,
3

,

"most" closed manfolds are hyperbolic



· dim = 2 M hyperbolic #S 972 [M=connectede]
g :
2

gis

Des
-

Gauss-Bonnt : ~(M)=1 SRgdAg
....

· dim = 3

~ Thurston's Dahn surgery theorem

us several random models--

· more vare in dim 24 !



Why minimalsurfaces ? clength parameterzeNow

-step back : grodasics -
Riemannium man'fold

[
L

1

A curve 2 : I or $ - (M
,
h) is a geodisia
-

if one of the following equivalent conditions hold :

h S· T . +' = 0

·

I is a critical point of the length under swooth

variations (with fixed endpoints) #
·

I is locally length - minimizing

See Sheet 1
.

Exercise 4 *U laglobe
for the equivalence general)



Fact : Existence and uniqueness E
-

if (M,b) is a
closed Riem. manfold with Rico,

then there exists a unique closed geodesic in

every noutrinial free hometopy class.
j
u[riM/comi

Thm (Knieper 197, Peiqué- Sambusetti17 ,
Besson-Courtois - Gallot

,
Hämenstädt

...
)

Let (M
,
b) be a closed Riem , manifold with RhE-1 .

geodeses3) - 1Then EChi :=lin logelength
with = > h is hyperbolic "entropy"

-



Idea: when dimM = 3
, replace closed curves by closed surfaces

E
Th (Surface Subgroup Conjecture ,

Rahn-Markovic12)

Let (M
,
h) be a closed hyperbol 3-manfold.

Then M contains a surface subgroup (for gzz)

en n I-.
11

there exists f : Sg-+ M continuous

much that fa:. Sq+ TIM is injective.



An immersion (embadding) i : S- (M ,
h) is minimal

if one of the following equivalent conditions hold :

· H= mean curvature

· I is a critical point of the area under smooth

(compactly supported) variations It

K

-
-Ara( + (s) -R) = -L = Lo

· v is locally area-minimoing⑭
See Sheet 1

.

Exercises 5 & 7
for the equivalences



Somedifferentialgeometry I = -(S)
symmetria

I = 1th first fundamental form - 10
,
2) - tensors

#(x , y) = h(r+ (x)
,

2+ (y))
I second fundamental form L

mit normal

Pr(M) = r(XFy) + #(x,No vector

-

-TipI (2)
+

(1 ,

1) - tense

B shape operator B(X) = - XXN

Wangartenidentity # (X
,y) = [ (B(x) ,Y)



H = trB = tr I = (en
,
21) + #(e , 22)
:

Sup
(2y

,22) I-orthonormal frame H> 0

Bak H changes sign if N changes sign .

H .N = mean currature rector is well-defined

In feet ,
there exists a I-orthonormal frame such

that B is diagonat :

#(e1
,
21) = d 3 principal-

1 (e2
,
2) =e

curratures

# (e
,
22) = 0

R if BEO ,
I is tallygende s very care !



Estvariation formula :

if ve(p) = expup(tf()N(p7) , +
+ e: (S)

,

the

·Ara(c + (s)) = - SfHdA It

K

---L = Lo
so
,
v is critical point of area #S H = O

·

("fundamental Leave of salsulus of variations")



Existenceresultsuniquenesdesnot
held even for hee se

- manifolds ! )

2 Pitts
,

Federer
,
Meeks - Schoen-You ._)

I M3 is closedorientable
, every in-injective immersion

of f : Sg+ M
,
gz1 ,

is hometopic to a branched

minimal immersion c : Sg- M

· Osservan 170
,
Gulliver 173 : r is an immersion

· Freedman-Hass - Scott 183 : if f is an embedding
,

so too
is L

· Song '23 : every closed 3-manifold contains

infinitely many closed embedded minimal surfaces



Back to surface subgroups :

Tum (Rahn-Markovic '12)
Let (M

,
b) be a closed hyperbol 3-manfold.

There exist 2
,

2230 anch that

surface subgroups inM-

(2,g)29 # S of gens 29 S * (2- g)29
S up to conjugacy S

In particular , topological identity-
-

ling
surface subgroups in +Mitof gens 29 = I
up to conjugacy

Info on he can be read on theea of closed surfaces.



Thm (Calegari-Marques-Neves 122)
Let (M

,
h) be a closed eventable Riemanuian 3-manfold

with Rht-1
.

Then

# (1+ E) quasi-FucsianEth) := ein infg)
MinAree (N) "

210 notet
with equality() h is hyperbelve

we will
where MirArea (t) = min) Are(iSIl see later

.

↑
uniquely realized if E is small

and h hyperbolic


